We give a combinatorial intepretation of cluster variables of a specific cluster algebra under a mutation sequence of period 6, in terms of perfect matchings of subgraphs of the brane tiling dual to the quiver associated with the cluster algebra.
Introduction
Cluster algebras, introduced by Fomin and Zelevinsky in the past decade [4, 5] , arise natually in diverse areas of mathematics such as total positivity, tropical geometry and Lie theory. Previous work, such as [1, 9, 10, 11] , gave combinatorial intepretations for the cluster variables as perfect matchings of graphs, under suitable weighting schemes. Of particular interest is the situation where the graphs are directly related to the quiver of the cluster algebra, namely when they are subgraphs of the dual of the quiver. Some motivating examples include Speyer's proof of the Aztec Diamond Theorem [13] and Jeong's Tree Phenomenon and Superposition Phenomenon [7] .
In this report we give a specific example of cluster variables whose Laurent expansions can be intepreted as perfect matchings of subgraphs of the brane tiling dual to the original quiver.
2 Quiver, dP 3 Lattice and Cluster Variables Figure 1 shows the quiver Q we are working with, which is listed in [6] as Model 10 Phase a. The brane tiling (doubly periodic planar bipartite graph) Figure 1: Quiver Q and its brane tiling, dP 3 lattice dual to Q is a superposition of the triangular lattice with its dual hexagonal lattice; we follow [3] and call it the dP 3 lattice.
Definition. Let σ := (15)(24)(36), a permutation of 6 numbers. It corresponds to 180
• rotation of Q or the lattice.
Mutation at node a and at node σ(a) commutes since there are no arrows between the two nodes. The two mutations preformed as a pair reverse arrows incident to a and σ(a). Therefore after cyclically mutating all 3 pairs of nodes, we will get back Q, i.e. Q has period 6. Consider the periodic mutation sequence at vertices 2, 4, 5, 1, 3, 6, . . . (Figure 2 ). Name the new cluster variables by:
By symmetry of Q under σ, y N = σ(y N ), where σ acts naturally on Laurent polynomials via σ(x i ) = x σ(i) .
For consistency, set y −2 = x 2 , y −2 = x 4 , y −1 = x 5 , y −1 = x 1 , y 0 = x 3 , y 0 = x 6 . The exchange relation now becomes:
for N ≥ 1. We will discuss a sequence of subgraphs on the dP 3 lattice, first introduced by Propp [12] , further studied by Ciucu under the name of "Aztec Dragons" [2] , and recently extended to half-integral order by Cottrell and Young [3] , in which they are called diamonds. Definition. For n ∈ Z >0 , a diamond of order n is
and a diamond of order n + 1/2 is
where S 3 (resp. S 2 ) is the square labeled 3 (resp. 2) in the block T (1, 0) (resp. T (2, 0)). Also define D k = ∅ for k ≤ 0, and D 1/2 to be a square labeled 2.
Z ≥0 is obtained by rotating D m by 180
• and relabeling faces according to σ. Remark 1. The definition of integer order diamond here differs from the one given by [3] by a reflection about a horizontal line. Z >0 , [3] gives the number of perfect matchings of D m :
Remark 2. This can be easily checked by induction. The proof is omitted as it will follow from the more general theorem that will be proven later.
The proposition above makes us suspect that under a suitable weighting on the perfect matchings of D N/2 , y N can be expressed as the weight of D N/2 , up to a monomial factor. By symmetry of Q under σ, y N should be related to D N/2 .
We put weights on edges of graphs as follows: for an edge with two neighboring faces labeled a and b, weight it by 
Remark 3.
There is a more general definition of covering monomial in Jeong's paper [7] .
The theorem follows from comparing the exchange relation with the two recursions on the weights and covering monomials of diamonds.
Recursion on the weights of diamonds
For n ∈ Z ≥1 ,
Proof. Let m = n or n + 1/2 be a half-integer. We prove this by using graphical condensation, i. 3. Boundary vertices are all black for NW and SE, and all white for NE, SW.
Then
Now for m = n ∈ Z ≥3 , partition the vertices of D n as shown in Figure 7 . In fact N = E = ∅. It is easy to see that conditions 1 through 3 are all satisfied, so the method of graphical condensation can be applied, yielding (6) . The LHS of (6) agrees with the LHS of (4) since C = D n−3/2 . We can Figure 8 that the RHS of (6) also agrees with the RHS of (4):
Note that although N ∪ NE ∪ NW ∪ C = D n−1 , its perfect matchings must contain two of the edges (colored in red), with weights
, leaving a perfect matching of D n−1 . Also, w(N) = w(E) = w(∅) = 1.
The case n = 2 involves the diamond D 1/2 which is defined separately to be a single square labeled 2. In fact the vertices of D 2 can still be partitioned as shown in Figure 7 .
Equation (5) is similarly proven by applying graphical condensation; see Figure 9 and Figure 10 for n ≥ 2. In fact Figure 9 is valid even when C = ∅ = D 0 , so (5) also holds for n = 1.
5 Recursion on the covering monomials of diamonds
Proof. We will count the squares and compute both sides. Let n ∈ Z ≥1 , define f n ∈ N 6 where (f n ) i is the number of squares labeled i in D n . n(n − 1), 1 2 n(n − 1), 1 2 (n − 1)(n − 2). Using multi-index notation,
Similarly f n+1/2 = (n 2 , n(n + 1) + 1, n(n − 1) + 1, n(n + 1), n 2 , n(n − 1)).
Let (h n ) i be the number of neighboring squares of D n labeled i, then x hn = x 6 [(x 3 x 6 )(x 5 x 6 )] n−1 [(x 1 x 3 )(x 3 x 6 )] n x 3 = x (n,0,3n,0,n−1,3n−1) , and x h n+1/2 = x 6 [(x 3 x 6 )(x 5 x 6 )] n [(x 1 x 3 )(x 3 x 6 )] n−1 (x 1 x 3 )(x 1 x 6 x 5 ) = x (n+1,0,3n,0,n+1,3n+1) .
So,
(n(n−1),n 2 ,(n−1) 2 ,n 2 ,n(n−1)+1,(n−1) 2 )+(n,0,3n,0,n−1,3n−1) = x (n 2 ,n 2 ,n 2 +n+1,n 2 ,n 2 ,n 2 +n) ,
m(D n+1/2 ) = x (f n+1/2 +h n+1/2 ) = x (n 2 ,n(n+1)+1,n(n−1)+1,n(n+1)+(n+1,0,3n,0,n+1,3n+1) = x (n 2 +n+1,n 2 +n+1,n 2 +2n+1,n 2 +n,n 2 +n+1,n 2 +2n+1) , . The base cases of N = 1, 2 can be checked directly, or are tree phenomena as discussed by Jeong [7] .
